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A B S T R A C T

This paper reports drag coefficient for an elliptic cylinder as obtained from PIV measurements.  We first
evaluate three different methods to obtain drag force on an object immersed in a flow using particle
image velocimetry (PIV) data, but no additional input data. The need for such a study is felt because PIV
does not directly yield pressure-field required in the calculation of drag.  The methods are benchmarked
against circular cylinder. The three methods yield the values of  drag coefficient within 1%.  The method
is further applied to elliptic cylinder over a large range of Reynolds number (Re = 240 – 34,000).  The
value for drag coefficient for elliptic cylinder over this range is not readily available. A sensitivity
analysis of the result on the size of the observation window is also provided; the results indicate that
reliable results are obtained if the viewframe is located at least 2.7 C downstream and 1.1 C on either
lateral side of  the cylinder. The methods evaluated here can be further employed with PIV data for
various flow problems.
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1. Introduction
The drag on a bluff body immersed in the flow is of significant practical

interest. Knowing the value of  drag force is important, for example, in
calculating the power requirement of  airplane, submarine, etc. The use of
particle image velocimetry (PIV) to obtain the velocity field has become
rather standard worldwide. However, it is difficult to obtain the lift/drag
forces from PIV data alone, rather additional equipment (such as load
cell) is required to obtain information about the forces acting on a surface/
body. This is because pressure component of  drag is a substantial portion
of the overall drag (up to 90% for bluff bodies), whereas pressure cannot
be obtained in a direct manner from PIV. It would undoubtedly be useful
to obtain force measurements from PIV data in addition to velocity (and
vorticity) information. In this work, we show that mean drag force can be
extracted in a reliable manner from two-dimensional PIV data using the
wake survey method.

Van Oudheusden et al. (2007) estimated the force coefficient for
compressible and incompressible flows using control volume approach
in which they have solved pressure field using flow constitutive equations
for uncorrelated PIV measurements. Kurtulus et al. (2007) calculated the
force coefficient by integrating the force equations within a control volume
for square cylinder using Time Resolved-PIV. Berton et al. (2004)
determined the airload components acting on a blade section of a helicopter
rotor in forward flight by calculating different terms in the momentum
and Bernoulli equations. Koochesfahani (1989), Spedding et al. (2003,
2008), and Bohl and Koochesfahani (2009) proposed integral momentum
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theorem based methods for drag calculation. In their methods, the mean
streamwise velocity data is applied on a control volume to estimate the
mean forces. Since the pressure field is unknown, accurate calculation of
the force coefficient remains elusive. Streitlien and Triantafyllu (1998)
suggested that the wake survey method overestimates the thrust force for
an inviscid Karman vortex street model of a wake; this is because of not
considering the pressure deficit. The control volume is typically close to
the body making the contribution of  pressure, and therefore the overall
error, relatively large.

Bohl and Koochesfahani (2009) proposed a new formulation to
calculate the mean drag force where they considered all the relevant
factors that affect drag force. The cross stream momentum equation is
utilized in an indigenous manner in their approach.  Dabiri et al. (2014)
proposed an alternate method whereby the pressure-field is estimated
from the PIV data by solving the Navier-Stokes equations. The pressure
gradient is calculated from a time-series of velocity fields for unsteady
calculations, whereas a single velocity field suffices for quasi-steady
calculations. The calculation of the corresponding pressure field is made
robust by determining its value along several different integration paths.
Using median polling of many integration paths, the measurement errors
which get accumulated along each integration path can be reduced,
allowing accurate determination of the pressure field and its gradient.
Once the pressure-field is known, the drag force is calculated by integrating
the pressure around the surface of  the body.

     The purpose of this investigation is two-fold: first, to evaluate
various methods for obtaining the drag coefficient; second, to apply the
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methods to obtain drag coefficient for an elliptic cylinder over a wide
range of  Reynolds number. Accordingly, based on the approaches of
Bohl and Koochesfahani (2009) and Dabiri et al. (2014), we propose
and compare three variants of their methods to calculate the mean drag
force on an object from PIV data, without any additional input data. We
also perform a sensitivity analysis of the result on the size of the observation
window. One method is based on modified wake survey method, whereby
only velocity data is used. In the other two methods both velocity and
pressure data is used in the calculations. All the three methods are tested
on flow over an elliptical cylinder (243 < Re < 33,790). The range of
Reynolds number covered here is relevant for heat exchangers (Ota et al.
1984). The present data can also be utilized for benchmarking numerical
results, and for understanding differences between circular and elliptic
cylinders. Ota et al. (1986) noted that elliptical cylinders can be used for
high performance heat exchanger in order to save energy; and recommend
elliptic cylinders over circular cylinder. We show that all the three methods
yield approximately the same value of  drag coefficient. We further show
that our value of drag coefficient for a circular cylinder (120 <Re <
17,000) compares well with the literature value, suggesting that these
variants are also accurate.

2. Materials and Methods
The PIV experiments were conducted in a closed-loop water tunnel

(Fig. 1a) with a working section of 400× 400 mm2 cross-section and a
length of 1500 mm (Fig. 1b). The models (circular and elliptical cylinders)
employed were made of acrylic. Acrylic being transparent allows imaging
on both sides of  the cylinder, other than a narrow shadow-region at the
edges of  the cylinder. The circular cylinder has a diameter of  10 mm and
a length of 150 mm. The Reynolds number for circular cylinder is in the
range of 120 to 17,000. The elliptical cylinder has a major axis of 40 mm
and a minor axis of 20 mm. The length of the cylinder is 300 mm. The
blockage ratio for the present measurements is therefore less than 5%.
The flow velocity ranges from 11 to 1520 mm/s. The Reynolds number
for elliptical cylinder ranges from 243 to 33,790. The minor axis of the
elliptical cylinder is used as the characteristic length while free-stream
velocity is used as the characteristic velocity scale for Reynolds number
calculation.

Schematic diagram of the PIV setup is given in Fig 1(c). The seed
particles are made of glass with diameter in the range of 8-10m. The
particles are illuminated by dual Nd-YAG lasers (Beamtech, China;

Figure 1: Schematic Representaion of  (a) Water tunnel facility (b) Elliptic cylinder employed in measurements. (c) PIV set up.
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wavelength 532 nm, energy: 200 mJ/pulse, repetition rate: 15Hz) and a
CCD camera (PCOPixefly, Germany; image size: 1392 x 1024 pixels) is
used to capture the images which are later analysed using a PIV software
(Sewatkar et al. 2012; Hashiehbaf et al. 2015). It was verified that the
Stokes criteria is satisfied, as the value of Stokes number (St) is of the
order of 10-4 to 10-6. Since the value is much smaller than 0.1, particles
trace the fluid motion closely with an error of less than 1% (Pescini et al.,
2015). The successive image pairs are captured at 5 Hz. The time delay
between a pair of PIV images is between 1-60 ms, depending on the
speed of  the flow. The interrogation window size used for cross correlation
were 32×32 pixels with 50% overlap. The velocity vectors are obtained
using the cross correlation method. The average velocity, υavg is calculated
by taking the mean velocity over 150 frames. Convergence test confirmed
that the number of frames is adequate for calculating the flow statistics.

2.1 Wake survey method (using velocity field)
     In this method (Bohl and Koochesfahani 2009), the average

pressure pavg (y) needed at the downstream control surface (BC; Fig. 2) is
obtained from the mean cross stream momentum equation. Neglecting
the mean transverse velocity νavg and streamwise gradient of Reynolds
stress, the mean cross stream momentum equation gets simplified as:

Note that the free stream speed uo at the downstream location (i.e. at
sufficient lateral distance away from the body) is slightly different from
the upstream speed u∞ (Fig. 2). Similarly, the corresponding free stream
pressure po is slightly different from the upstream pressure p∞ because the
integration domain H is typically not large enough. Knowing u∞, uoand p∞,
can be calculated using the Bernoulli equation (the use of this equation
can be easily justified because the flow is essentially irrotational, and
therefore inviscid, laterally away from the body):

(1)

(2)

     The above simplified cross stream momentum equation (Eq. 1)
was integrated using the free stream pressure po and realizing that the
corresponding Vrms  is zero (i.e. in the free stream region).  Therefore the
downstream average pressure distribution was obtained as:

(3)

Substitute po from (Eq. 2) to (Eq.3), we obtain
(4)

(where ε is supposed to be sufficiently smaller than unity)
Finally, the average drag force was calculated using the streamwise

momentum equation. Note that in this formulation, the contributions of
fluctuating velocity and pressure terms are suitably accounted for. The
contributions of fluctuating velocity and pressure terms are indeed
substantial if the control volume is not chosen sufficiently far away from
the body. Therefore, we can write for the coefficient of  drag (Bohl and
Koochesfahani 2009):

(5)

where the integration is over the edge BC. The contribution of various
terms for flow around an elliptic cylinder in the above equation have
been analyzed and presented later in Fig. 5a.

2.2 Surface force based method
In this method, the instantaneous drag force is calculated by integrating

pressure and shear forces around the surface of the body (Kundu and
Cohen, 2004). Queen 2.0 software (refer Dabiri et al. 2014) is used to
calculate the instantaneous pressure field from the instantaneous PIV
data. Queen software is a Matlab based software package which takes 2D
or 3D velocity field data as input; in addition, the coordinates of a solid
object in the flow can be specified. The software then computes the
corresponding pressure field; it can also compute unsteady pressure due
to accelerating flows, added mass/acceleration reaction in flow-structure
interactions with moving and deformable bodies. The shear stress on the
surface of the body was calculated directly from the PIV data.  The
calculation of velocity gradient however needs to be performed with
care, as the body may not be well aligned with the PIV grid. Queen’s
software solves the Navier-Stokes equation to obtain the pressure gradient
from time series of velocity fields for unsteady flows and from a single
velocity field for quasi-steady problems. They had used median polling
of several integration paths so as to obtain the pressure gradient with
minimum error.

Therefore, the net force acting on the body was calculated as:

Figure 2: Control volume employed to evaluate the drag coefficient using Method 1.

(6)

Note that the streamwise component of the momentum flux through
the lateral control surface also affects the force on the control volume.
This becomes all the more relevant when H is not taken far away from the
body.  The velocity along the control surface varies between u∞ and u0.
Again following Bohl and Koochesfahani (2009), the average of these
velocities is taken as the effective velocity and represented as  (1 - ε) u∞

where p is pressure, τ is shear stress acting on the surface of  the body,
n is vector unit normal to the surface, n∞ is unit vector in the direction of
upstream flow, dS is infinitesimal surface element of  area, and integration
is performed over the entire surface of  the cylinder. The obtained force is
non-dimensionalized using free stream velocity (u∞) and minor axis (C) as
the characteristic velocity and length scale respectively, to obtain the drag
coefficient.

2.3 Modified wake survey method (using velocity and pressure fields)
In this method, a modified form of the wake survey method is employed

to calculate the mean drag coefficient. Since the control surface is not
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taken far away from the body, the static pressure will not be the same at
upstream and downstream profiles; the upstream and downstream pressures
were taken from the Queen’s software. The momentum balance was done
using the traditional momentum integral theorem as:

(7)

where pin and pout are the average inlet and outlet pressures
respectively.

2.4 Uncertainty Estimation in the various Methods
It is difficult to estimate the uncertainty in each of the above methods

without detailed modeling; however, an attempt is made to provide
meaningful estimate of the uncertainty value in this section.

For estimating the uncertainty in mean velocity, we have considered
all the four main factors which are responsible for uncertainty with PIV
measurements. As explained in Raffel et al. (1998), Wang et al. (2008)
and Lazar et al. (2010), these factors are uncertainty related to equipment,
uncertainty in particle lag, sampling, and image processing. After estimating
the individual uncertainty in each of these factors, the uncertainties were
combined using the standard uncertainty propagation method (Yadav et
al. 2015).  The maximum uncertainty in mean velocity is estimated as
2.8%. Similarly, the uncertainty in velocity r.m.s. (root mean square) was
estimated (as per the above references).  The maximum values of
uncertainty in urms and vrms are 3.2% and 3.3% respectively.

The calculation of pressure is required in Methods 2 and 3; the value
of pressure was calculated using the Navier-Stokes equations with velocity
field as the input.  As suggested by Moffat (1988), the uncertainty in
calculation of pressure requires that the velocity of each point was perturbed
individually over its uncertainty interval, and then fed into the Navier-
Stokes equations for calculation of  pressure.  The resulting uncertainties
in pressure was combined using the uncertainty propagation method.  This
was rather cumbersome and has not been attempted here.  Here, the
Bernoulli equation has been employed to estimate the uncertainty in
pressure knowing the uncertainty in velocity.  Similarly, uncertainty in
shear stress (required in Method 2) is estimated from the mean velocity
gradient.

The uncertainty in drag coefficient from the three methods was obtained
by combining the uncertainty in individual parameters (in Eqs. 5, 6, 7
respectively) using the uncertainty propagation method.  The uncertainty
in drag coefficient is expected to be smaller than that calculated above
because of the process of integration.  The final uncertainty values in
drag coefficient from each of the three methods were found to be 5.2%,
4.6% and 9.0% respectively.

3. Results and Discussion

3.1 Drag coefficient for elliptical cylinder
All the three methods were used to calculate the drag coefficient for

flow around an elliptical cylinder at different Reynolds numbers. Flow
field around an elliptic cylinder is shown through Figure 3. The origin of
the coordinate system was fixed at the rear stagnation point of  the cylinder,
and distances (x and y) have been normalized (X = x/C; Y = y/C). The
vector field resolution is about 1 vector per 1.5 mm. The quality of data
was observed to be good other than in the shadow region located below
the edges of  the cylinder. The percentage of  rejected vectors is below 5%
for all cases. The control surfaces employed in the analysis is apparent
from the figure. Note that the control surfaces are reasonably close to the
body (upstream surface about 0.1 chord length; lateral surfaces: about 1
C and 2 C; and downstream surface about 3 C, away from the surface of
the cylinder). Our preliminary sensitivity analysis suggested that the same
values of drag coefficient are obtained by choosing control surfaces slightly
inside the measured frame.

     The sensitivity analysis results for different positions of the control
surface for Method 1 is presented in Fig. 4. The drag coefficient values for
various downstream distances are calculated and shown in Fig. 4a, for
three values of Reynolds numbers covering the entire range of Re
investigated here.  The others control surfaces were taken at the edge of
the viewframe for this test. The value was found to change by less than 6%
by moving the control surface from 2.7 C to 3 C distance from the rear
edge of  the cylinder. Similarly, the position of  the lateral surfaces was
changed from 0.55 C to 1.4 C, while keeping the upstream and

downstream control surfaces at the edges of  the viewframe.  Again,
satisfactory convergence is shown by the results presented in Fig. 4b.
Additional tests where all the location of all control surfaces was
simultaneously changed were also undertaken (results not presented).

     The value of drag coefficient as obtained from the three methods is
compared in Figure 5a. All the methods are giving almost equal values
for a particular Reynolds number. The difference between these methods
is noted to be less than 1% over more than two decades of Reynolds
number.  Notice that the value of  mean drag coefficient decreases from
1.5 to 0.5 with increase in Reynolds number over the range investigated.
Data for the present range of Reynolds number does not seem to be
readily available. For example, the data by Sivakumar et al. (2007) is for
Re < 40; that by Lindsey (1938) is for Re > 60,000. Terukazu et al.
(1983) studied the heat transfer characteristics and plotted the pressure
coefficient around the body for Re = 8000 to 79,000; however, results for
drag coefficient were not presented. Patel (1980) and Faruquee et al.
(2007) studied the flow dynamics numerically for Re = 200 and 40
respectively. The data of  Modi et al. (1992) is between Re = 30,000 to
105. Nair and Sengupta (1997) numerically analyzed the flow around an
elliptical cylinder at Re = 3000 and 10,000. The present measurements
assume further significance in view of absence of reliable data for drag
coefficient of  elliptical cylinder.

Figure 3: (a) Time averaged PIV image of flow around elliptical
cylinder at Re = 2818. (b) Instantaneous velocity vector

image at Re = 4919.

(a)

(b)

0.5 m/s
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Figure 5: (a) Drag coefficient versus Reynolds number for an elliptical cylinder as obtained from the three methods, the analytical result of Khan
et al. (2005) is also included for comparison. (b) Coefficient of pressure around the elliptical cylinder at different Reynolds numbers.

Khan et al. (2005) calculated the drag coefficients analytically for a
wide range of  Reynolds number. The present results are compared against
their analytical results in Fig. 5a. Note that the results of Khan et al.
(2005) are modified because of difference in characteristic length scale
employed in the two works – minor axis considered here as opposed to
major axis in their work. Although the trend is same, there is substantial
difference in the values, with the difference increasing from 5.1% at Re =
243 to 66% at the highest value of Reynolds number (Re = 33,790). This
increase in difference with Re is probably because the theoretical analysis
employed by Khan et al. becomes less accurate at higher Reynolds
numbers. Khan et al. while comparing their theoretical results for circular
cylinder with the experimental results of Wieselsberger (1921) also noted
a similar qualitative agreement only with the experimental values; although
the agreement with the experimental data was much better at higher
Reynolds number in that case.

The average coefficient of pressure around the top surface of the
elliptic cylinder as determined using the average velocity field is plotted

in Fig. 5b for three different values of Reynolds numbers.  The pressure
variation was qualitatively similar to that of  a circular cylinder. The
pressure coefficient was maximum at the front stagnation point and reduces
because of  acceleration of  the flow. The minimum value of  pressure
coefficient was seen at the top surface, beyond which it starts to recover.
However, the recovery was truncated owing to flow separation on the
rear-half  of  the cylinder.

The results in this section show that the three methods yield
approximately the same value of  drag coefficient. Further, the value of
drag coefficient for an elliptic cylinder is reported for the Reynolds number
range, which seems to be missing from the literature.

3.2 Drag coefficient for circular cylinder
The methods described in Section 2 are also used to estimate the drag

coefficient around a circular cylinder and the results are presented in Fig.
6a. Due to limitation in the image quality, it was not possible to extract
pressure on the cylinder surface; therefore, results from Method 2 are not

Figure 4: Drag coefficient at (a) Different downstream positions for different Reynolds number,
(b) Downstream distance of 2.7 C for different lateral distances.
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Figure 6: (a) Drag coefficient versus Reynolds number for a circular cylinder, and comparison with reported values.
The experimental data from Wieselsberger (1921) is taken from Roshko (1961). (b - c) Components of Drag coefficient (Method 1)

versus Reynolds number for an elliptical cylinder.

being presented here. The obtained results are compared against the
experimental results of Wieselsberger (1921), numerical results of Singh
et al. (2004) and Henderson (1995); and theoretical results of Khan et al.
(2005).The overall agreement of  the above results is reasonable. In
particular, the deviation with respect to that of  Wieselsberger (1921) is
within 2.5 to 15%. These measurements show that the methods employed
here yield the value of  drag coefficient accurately.

The drag force values are typically measured using force sensors,
while PIV is employed to obtain the flow field. The two equipments
together help understand the flow physics better. Our first contribution
here is to eliminate the need for having an additional force sensor; rather
we rely only on the PIV technique to uncover both the flow field as well
as force information (at least to a limited extent).

Note that only wholefield velocity information is required in Method
1 (i.e., calculation of  pressure is not explicitly required in this method),
whereas the other two methods require calculation of  pressure.  Calculation
of  r.m.s. of  both velocity components is however required in Method 1.
When the control volume is close to the bluff  body, pressure deficit
occurs between the inlet and outlet of the control volume which is
accounted for by the velocity fluctuation terms in Method 1.

The contribution of the individual terms in Method 1 has been

analyzed for elliptical cylinder as a function of Reynolds number; see
Figure 6b. It is interesting to note that the contribution of  the first term of
Eq. 5 is more than 99% at lower Reynolds number, and reduces to 83.6%
at the highest Reynolds number. The contribution of  the second and fifth
terms in Eq. 5 is seen to be small over the entire range of Reynolds
number.  For example, uo/u∞ varies between 1.03 to 1.05 for different
Reynolds number and ε varies from -0.0369 to -0.0162 over the same
range. The contribution of  velocity r.m.s. is (understandably) negligibly
small at low Reynolds number, but becomes up to 16% at higher values
of  Re. Notice that the value of  vrms is about 83% higher than the value of
thereby leading to a higher contribution of the former in the overall value
of drag coefficient. The result also suggests that the flow is highly anisotropic
close to the cylinder.

Notice that the drag coefficient is obtained using the mean value of
velocity and pressure in Methods 1 and 3; whereas instantaneous values
are employed in Method 2. The mean drag coefficient can subsequently
be obtained by time averaging the instantaneous drag coefficient values in
method 2. Methods 1 and 3 are applied at the edges of the control
volume (which are regular geometric surfaces) and therefore easier to
apply than Method 2 (requiring calculation on the body surface). This
advantage becomes particularly pronounced if the body is of irregular
shape, or if  the body is moving.

(c)
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4. Conclusions
Results suggest that all the three methods tested here gave the same

value of drag coefficient and therefore any one of them could be employed
based on the type and quality of data available from PIV measurements.
However, modified wake survey method yielded higher uncertainty, at
least for the conditions tested here, as compared to the other two methods.
A quantitative comparison of the result obtained presented above should
enhance confidence on their method. This study has provided value of
mean drag coefficient for elliptical cylinder over a wide range of Reynolds
number (243 < Re < 33,790); such data was missing from the literature.
This data could potentially be useful for benchmarking numerical analysis
and for understanding flow in heat exchangers involving elliptic tubes.
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